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MULTIPLE DERIVED LAGRANGIAN INTERSECTIONS
OREN BEN-BASSAT
Abstract. We give a new way to produce examples of Lagrangians in shifted symplectic derived stacks,
based on multiple intersections. Specifically, we show that an m-fold homotopy fiber product of Lagrangians
in a shifted symplectic derived stack its itself Lagrangian in a certain cyclic product of pairwise homotopy
fiber products of the Lagrangians.
1. Introduction
In a recent article [15] of Pantev, Toe¨n, Vaquie´, and Vezzosi, shifted symplectic structures were defined and
studied from the point of view of algebraic geometry. The objects of study in this area are shifted symplectic
derived stacks. As is pervasive in symplectic geometry, the study of Lagrangians is central. The notion of a
Lagrangian in this context was also introduced in [15]. In [15] an interesting new structure was produced on
the (homotopy) fiber product of Lagrangians in a shifted symplectic derived stack. Namely, that given two
such Lagrangians inside an n-shifted symplectic derived stack, their fiber product has the natural structure
of an n− 1 shifted symplectic derived stack. Our main result was a conjecture of Dominic Joyce. The proof
of this result (Theorem 3.2) uses techniques directly from the article [15]. Recently, an interesting preprint
[2] of Calaque appeared on categories build out of shifted symplectic derived stacks and Lagrangians in them
(also Lagrangian correspondences) where some interesting new techniques were introduced. The topics in
[2] are closely related to the result which we present. We pursue these relations in separate work [1] where
we look at a certain infinity category of shifted symplectic derived stacks and relate this to permutahedra
inside the spaces of symplectic forms on various iterated intersections.
2. Review of some parts the article [15] of Pantev, Toe¨n, Vaquie´, and Vezzosi
As we are following closely the notation and techniques of [15] we refer to that work and the references
contained in it for background material on derived Artin stacks F , tangent and cotangent complexes on them,
their homotopy fiber products, and their sheaf theory, in particular the infinity categories Lqcoh(F ). The
∞-category of derived stacks over k for the e´tale topology is denoted dStk. We also need the ∞-categories
dg
gr
k and ǫ − dgk of graded mixed complexes and of graded complexes which were described in the first
section of [15]. We use the convention that we do not denote homotopy fiber products in any special way
because all of our fiber products are homotopy fiber products of derived stacks. Let F be a derived Artin
stack. Given a distinguished triangle
S1 → S2 → S3
in Lqcoh(F ), then S3[−1] → S1 → S2 is also a distinguished triangle. Let f : F → F
′ be a morphism of
derived Artin stacks. We will use the cotangent complex LF/k of a derived Artin stack over k, we will simply
denote this as LF . More information about this can be found in HAG II [18] and Section 7.3 of Higher
Algebra [12]. There is a distinguished triangle in Lqcoh(F ) of the form
f∗LF ′ → LF → Lf
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which defines the relative cotangent complex Lf . For the derived Artin stacks we will be dealing with, these
complexes will be perfect and there is a dual distinguished triangle of tangent complexes
Tf → TF → f
∗
TF ′ .
The ∞-category of simplicial sets is denoted S and these are sometimes called spaces. Given a derived
Artin stack F , the author’s of [15] define a space of n-shifted p-forms Ap(F, n) ∈ S and similarly a space of
n-shifted closed p-forms Ap,cl(F, n) ∈ S. We briefly outline some key steps in their definition. Recall that
there is an ∞-functor
NCw : dStopk −→ dg
gr
k
defined as the composition of the ∞-functors
DR : dStopk −→ ǫ− dg
op
k
(as defined in [17] or [13]) and a weighted negative cyclic complex functor (defined on page 15 of [15]) denoted
NCw : ǫ− dgopk −→ dg
gr
k .
We have by Proposition 1.14 of [15]
Ap(F, n) ∼=MapLqcoh(F )(OF ,∧
p
LF [n]) ∼= |DR(F )[n− p](p)|
and
Ap,cl(F, n) ∼= |NCw(F )[n− p](p)|
as ∞-functors dStopk → S. There is a natural transformation
NCw(F )[n− p](p)→ ∧pLF [n]
which gives a natural transformation of topological functors
Ap,cl(F, n)→ Ap(F, n).
In Section 1.2 of [15] it is explained that 2-form ω ∈ A2(F, n) gives rise [15] to a certain morphism
Θω : TF → LF [n].
The connected components of the space A2(F, n) for which this morphism is a quasi-isomorphism are called
non-degenerate. These components form a full subspace A2(F, n)nd inside A2(F, n). The space of n-shifted
symplectic structures on the derived stack F is defined as the homotopy pullback ofA2(F, n)nd andA2,cl(F, n)
over A2(F, n). Let f : X → F be a morphism of derived Artin stacks. An isotropic structure h on an n-
shifted symplectic form ω on F is a path from 0 to f∗ω in X . In Section 2.2 of [15] it is explained that an
isotropic structure h gives rise to a certain morphism
Θh : Tf → LX [n− 1]
and h is said to be Lagrangian if Θh is a quasi-isomorphism.
Recall from [15] that given Lagrangians f : X → F and g : Y → F in an n-shifted symplectic derived
stack F , corresponding to paths h from 0 to f∗ω and k from 0 to g∗ω they define an n− 1 shifted symplectic
form R(ω, h, k) on X×F Y whose underlying morphism of complexes ΘR(ω,h,k) fits into a diagram with exact
rows
(2.1) TX×FY //
ΘR(ω,h,k)

pr∗XTX ⊕ pr
∗
Y TY
//
(Θh,Θk)

π∗TF
Θω

LX×FY [n− 1] // pr
∗
XLf [n− 1]⊕ pr
∗
Y Lg[n− 1]
// π∗LF [n]
3in which the bottom row is (a rotation of) the distinguished triangle coming from
(2.2) pr∗XLf [n− 1]

// 0

pr∗Y Lg[n− 1]

// π∗LF [n]

// pr∗Y LY [n]

0 // pr∗XLX [n]
// LX×FY [n]
where the bottom square is a homotopy pushout (see [18], Lemma 1.4.1.12).
3. Multiple Derived Lagrangian Intersections
Let (S, ω) be a n-shifted symplectic derived stack. We will consider three Lagrangians L,M,N for S.
Consider the homotopy cartesian diagram
(3.1) L×S M ×S N
qN
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦
qM

qL
''PP
PP
PP
PP
PP
PP
L×S M
pM
 pL ''PP
PP
PP
PP
PP
PP
P
N ×S L
pL
PP
PP
P
((PP
PP
PP
P
pN
♥♥
♥♥
♥
ww♥♥♥
♥♥
♥♥
M ×S N
pNvv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
pM

L
fL
((PP
PP
PP
PP
PP
PP
PP
P M
fM

N
fN
vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
S
Note that the term L×S M ×S N is the homotopy limit of the rest of the diagram. The following theorem
was a conjecture of Dominic Joyce, specialized to the case of three Lagrangians. We prove the case of three
Lagrangians here and then after that we will present a more general Theorem 3.2 for m Lagrangians.
Theorem 3.1. Let S be an n-shifted symplectic derived stack and let fL : L→ S, fM :M → S, fN : N → S
be Lagrangian morphisms. Then
(qN , qL, qM ) : L×S M ×S N → (L×S M)× (M ×S N)× (N ×S L)
is Lagrangian with respect to the symplectic structure q∗MωNL + q
∗
LωMN + q
∗
NωLM , where the morphisms
qN , qL, qM are the projection morphisms and ωNL, ωMN , ωLM are the n − 1 shifted symplectic structures
provided by [15].
Proof. The given Lagrangian structures for fL, fM , fN include isotropic structures, hL, hM , hN . These
are
• a path hL between 0 and f
∗
Lω in A
2,cl(L, n)
• a path hM between 0 and f
∗
Mω in A
2,cl(M,n)
• a path hN between 0 and f
∗
Nω in A
2,cl(N,n).
Consider the homotopy commutativity of the lower three squares of 3.1. This gives
• a natural homotopy uLM between p
∗
Mf
∗
L and p
∗
Lf
∗
M as maps from A
2,cl(S, n) to A2,cl(L×S M,n)
• a natural homotopy uNL between p
∗
Lf
∗
N and p
∗
Nf
∗
L as maps from A
2,cl(S, n) to A2,cl(N ×S L, n)
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• a natural homotopy uMN between p
∗
Nf
∗
M and p
∗
Mf
∗
N as maps from A
2,cl(S, n) to A2,cl(M ×S N,n).
If we apply these homotopies to ω we get
• a path uLMω from p
∗
Mf
∗
Lω to p
∗
Lf
∗
Mω in A
2,cl(L×S M,n)
• a path uNLω from p
∗
Lf
∗
Nω to p
∗
Nf
∗
Lω in A
2,cl(N ×S L, n)
• a path uMNω from p
∗
Nf
∗
Mω to p
∗
Mf
∗
Nω in A
2,cl(M ×S N,n)
Similarly, the homotopy commutativity of the upper three squares of (3.1) gives us
• a natural homotopy vL between q
∗
Mp
∗
N and q
∗
Np
∗
M as maps from A
2,cl(L, n) to A2,cl(L×SM×SN,n)
• a natural homotopy vM between q
∗
Np
∗
L and q
∗
Lp
∗
N as maps from A
2,cl(M,n) to A2,cl(L×SM×SN,n)
• a natural homotopy vN between q
∗
Mp
∗
L and q
∗
Lp
∗
M as maps from A
2,cl(N,n) to A2,cl(L×SM×SN,n).
If we apply these homotopies to the paths hL, hM , hN we get paths of paths
• kL from q
∗
Np
∗
MhL to q
∗
Mp
∗
NhL
• kM from q
∗
Np
∗
LhM to q
∗
Lp
∗
NhM
• kN from q
∗
Lp
∗
MhN to q
∗
Mp
∗
LhN
in the space of paths starting at the origin in A2,cl(L ×S M ×S N,n). Consider the loops at zero
• ωLM = p
∗
Lh
−1
M ◦ uLMω ◦ p
∗
MhL in the space A
2,cl(L×S M,n))
• ωNL = p
∗
Nh
−1
L ◦ uNLω ◦ p
∗
LhN in the space A
2,cl(N ×S L, n))
• ωMN = p
∗
Mh
−1
N ◦ uMNω ◦ p
∗
NhM in the space A
2,cl(M ×S N,n)).
In the space A2,cl(L×S M ×S N,n) we have the figure
(3.2)
q∗Np
∗
Mf
∗
Lω
zz✉✉
✉✉
✉✉
✉✉
✉✉
✉
q∗NuLMω
✉✉
✉✉
✉✉
✉✉
✉✉
✉
q∗Mp
∗
Nf
∗
Lω
oov
∗
Lf
∗
Lω
||③③
③③
③③
③③
③③
q∗Mp
∗
Nh
−1
L
③③
③③
③③
③③
③③
q∗Np
∗
Lf
∗
Mω
$$■
■■
■■
■■
■■
■■
v∗Mf
∗
Mω
■■
■■
■■
■■
■■
■
//
q∗Np
∗
Lh
−1
M
0
k˜N
k˜L
k˜M
//q
∗
Mp
∗
LhN
bb❉❉❉❉❉❉❉❉❉❉
q∗Np
∗
MhL
❉❉❉❉❉❉❉❉❉❉
||③③
③③
③③
③③
③③
q∗Lp
∗
NhM
③③
③③
③③
③③
③③
q∗Mp
∗
Lf
∗
Nω
dd■■■■■■■■■■■
q∗MuNLω
■■■■■■■■■■■
q∗Lp
∗
Nf
∗
Mω
//q
∗
LuMNω
q∗Lp
∗
Mf
∗
Nω
bb❉❉❉❉❉❉❉❉❉❉
q∗Lp
∗
Mh
−1
N
❉❉❉❉❉❉❉❉❉❉ ::✉✉✉✉✉✉✉✉✉✉✉
v∗Nf
∗
Nω
✉✉✉✉✉✉✉✉✉✉✉
where we can recognize the concatenation
(3.3) q∗MωNL ◦ q
∗
LωMN ◦ q
∗
NωLM
of loops in A2,cl(L ×S M ×S N,n). In this figure, using kL, kM , and kN we filled in three triangles with
2-simplices which have been denoted k˜L, k˜M , and k˜N .
The fact that (3.1) is homotopy cartesian implies that the path around the outside of (3.2) is the boundary
of a filled in hexagon in the space A2,cl(L×S M ×S N,n). Therefore we have produced a homotopy from the
constant loop at 0 to the the concatenation of loops (3.3). This can be interpreted as a homotopy from the
constant loop at 0 to the loop q∗MωNL ◦ q
∗
LωMN ◦ q
∗
NωLM at 0 in the space A
2,cl(L×S M ×S N,n). Because
concatenation and sum agree up to homotopy this can be interpreted as a homotopy from the constant loop
at 0 to the loop q∗MωNL + q
∗
LωMN + q
∗
NωLM .
This gives us a path h from 0 to the corresponding element of the space A2,cl(L×S M ×S N,n− 1). But
this element is precisely the pullback of the product symplectic structure on (L×SM)×(M×SN)×(L×SN)
to L×S M ×S N given by the construction from [15] applied to each of the three components and described
5in Section 2. Therefore, we have produced an isotropic structure h on the morphism
L×S M ×S N → (L×S M)× (M ×S N)× (N ×S L).
Let
rL : L×S M ×S N → L
rM : L×S M ×S N →M
rN : L×S M ×S N → N
and
r : L×S M ×S N → S
be the projection morphisms. In order to show that the isotropic structure h is Lagrangian, we need to
consider a pair of 4 term rows which correspond to diagram (3.1). By definition of the isotropic structure h
we have a commutative diagram where the top row is the homotopy limit of the rest of the diagram:
(3.4)
TL×SM×SN

Θh // L(qN ,qM ,qL)[n− 2]

q∗NTL×SM ⊕ q
∗
MTN×SL ⊕ q
∗
LTM×SN

Θq∗
M
ωNL+q
∗
L
ωMN+q
∗
N
ωLM // (q∗NLL×SM ⊕ q
∗
MLN×SL ⊕ q
∗
LLM×SN )[n− 1]

r∗LTL ⊕ r
∗
MTM ⊕ r
∗
NTN

(ΘhL ,ΘhM ,ΘhN ) // (r∗LLfL ⊕ r
∗
MLfM ⊕ r
∗
NLfN )[n− 1]

r∗TS
Θω // r∗LS[n]
where
Θq∗
M
ωNL+q∗LωMN+q
∗
N
ωLM = (ΘR(ωLM ,hL,hM),ΘR(ωNL,hN ,hL),ΘR(ωMN ,hM ,hN )).
Due to the fact that the lower three horizontal arrows are quasi-isomorphisms, the top horizontal arrow is
as well. Therefore, the isotropic structure h which we constructed endows the morphism (qN , qL, qM ) with
a Lagrangian structure. 
Similarly, we have the following Theorem (conjectured by Dominic Joyce)
Theorem 3.2. Let m be an integer greater than equal to 2. Let S be an n-shifted symplectic derived stack
and let Li → S be Lagrangian morphisms for i = 1, . . . ,m. Then the morphism
L1 ×S · · · ×S Lm → (L1 ×S L2)× (L2 ×S L3)× · · · × (Lm−1 ×S Lm)× (Lm ×S L1)
is Lagrangian with respect to the product n − 1-shifted symplectic structure on the right hand side provided
by [15].
Proof. When m ≥ 3, the proof follows precisely along the lines of the proof of Theorem 3.1. The only
difference in the proof is notational, for instance, the analogue of the figure in (3.2) now must be divided into
2m triangles. When m = 2 this is just the diagonal morphism to the product of L1 ×S L2 and its opposite.
It is easy to see that this is Lagrangian. 
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4. Examples
In this section we mention some explicit examples of Lagrangians in shifted symplectic derived stack.
The idea of these Lagrangians goes back to Tyurin (see for example [21]) and was recently explained in [2]
by Calaque. Tyurin’s construction is in fact a holomorphic (or algebraic) version of an older construction
by Casson relating to moduli of local systems. This construction became popular because of its role in
Donaldson-Thomas theory ([19], [20]). Derived stacks are expected to play an important role in a deeper
understanding of Donaldson–Thomas theory, see for example [3, 4, 5, 8, 16, 7, 10, 11, 9] and the references
therein.
One type of examples come from Calabi-Yau 3-folds which degenerate into a pair of Fano 3-folds intersect-
ing in a K3 surface. Sometimes, one passes to the stack of expanded degenerations [14]. These degenerations
provide other examples of the same type. One would like to extract invariants from the derived moduli stacks
of complexes of sheaves on the generic (smooth) fiber and argue that these invariants are constant in this
degenerating family. Therefore, these invariants can be extracted from some derived moduli stacks of com-
plexes of sheaves on the singular (special) fiber. One would like to relate these invariants to the so-called
relative invariants of the Fano 3-folds relative to the K3 surface. For more details see the article [14] by J.
Li and B. Wu and the references therein.
The key feature of this example (discussed in [21] and [2]) is that the inclusion of the K3 surface inside
the Fano (or similar manifold) induces a Lagrangian strucutre on the derived stack of perfect complexes.
One can ask for which other types of morphisms of derived Artin stacks induce Lagrangian morphisms on
their derived stacks of perfect complexes. This article can be used to construct many other examples of this
phenomenon. For example,
(F1
∐
Z
F2)
∐
(F2
∐
Z
F3)
∐
(F3
∐
Z
F1)
mapping to the homotopy colimit of
(4.1) F1
∐
Z F2 F1
∐
Z F3 F2
∐
Z F3
F1
OO
qqqqqq
88qqqq
F2
88qqqqqqqqqqq
ff▼▼▼▼▼▼▼▼▼▼▼
F3
▼▼▼▼▼▼
ff▼▼▼▼
OO
Z
77♣♣♣♣♣♣♣♣♣♣♣♣♣
gg◆◆◆◆◆◆◆◆◆◆◆◆◆
OO
gives a Lagrangian structure after passing to derived stacks of perfect complexes whenever the morphisms
Z → Fi have this same property for i = 1, 2, 3. In otherwords, we only need to assume that there is a
shifted symplectic structure on the stack of perfect complexes on Z and that the morphisms Z → Fi induce
Lagrangian morphisms on derived stacks of perfect complexes.
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